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We derive the macroscopic stress tensor for plug-free dense granular flow, 
using a first-principles coarse-graining of the intergranular forces. The derivation 
is based on the assumption, which defines the da Vinci Fluid model, that the 
intergranular interactions are dominated by normal contact forces and solid 
friction. An explicit form for the stress -- strain rate relation in the slow flow regime 
is obtained, providing, together with previously derived equations for the formation 
and growth dynamics of plug regions, a full closure for the rheology of dense 
granular fluids, in terms of well-defined material parameters. This relation allows 
us to quantify the strain rate, at which the flow crosses over from 
solid-friction-dominated to viscosity-dominated flow.  
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	The significance of flow of dense granular matter to many natural and 
man-made phenomena cannot be over-emphasised. Modelllng the rheology in 
this regime is an important problem in the field [1,2] and a progress on it, especially 
from first-principles, would form the basis for further dynamic theories. The 
reproducible macroscopic patterns of dense flow suggest that, as for conventional 
fluids, it should be possible to construct continuum flow equations to model this 
rheology. Traditional modelling of flow, based on the theory of dense gases, is 
useful only when the concept of inter-particle collisions is meaningful and they 
lose validity for dense granular flow, where particles are mostly in prolonged 
contacts. Yet, since even in dense flows the intergranular forces are well 
understood, it is plausible that continuum flow equations can be obtained under 
appropriate coarse-graining, including a stress tensor with the right transformation 
properties under rotations. The aim of this paper is to go beyond previous 
empirical and phenomenological formulations and derive from basic 
considerations the dependence of the stress tensor on the strain rate in such 
flows.  
 
The stress – strain rate relation in such flows is determined by intergranular 
interactions. Those consist of normal forces, which do not dissipate energy and 
energy dissipating forces predominantly through solid friction, described first by 
da Vinci [3], and later by Amontons [4] and Coulomb [5]. This is in contrast to 
ordinary fluids, where the dissipation is by viscosity. One of the main differences 
between conventional and dense granular fluids is that the latter are prone to 
formation of plugs, i.e. regions that move as macroscopic rigid objects. Plug 
regions (PRs) play an important role in the rheology of granular fluids and have 
been the focus of two recent papers [6,7]. To complete the description in those 
references, we focus here on deriving the stress tensor in plug-free regions of 
dense granular flow. 
 
The role of inter-particle solid friction, as a significant dissipation mechanism in 
dense granular flow, has been recognised since the 80s. In particular, much 
	research focused on identifying the constitutive relation between the stress and 
the strain rate in such flows, using several different approaches. One was an 
empirical conjecture, consistent with solid friction as the only dissipation 
mechanism [8,9], supplemented by the assumption of incompressibility. The 
actual form of the stress tensor was only marginally relevant in those works. A 
different approach was taken by da Cruz et. al. [10], who used two-dimensional 
simulations of disks, dissipating energy via both solid friction and inelastic 
collisions. The general form of the stress – strain rate relation is similar to that 
suggested in [8,9]. However, in contrast to the assumption in the previous works, 
they found that the local effective friction coefficient,µ , is non-constant, 
depending linearly on the inertial number, I , which in turn is proportional to the 
norm of the strain rate tensor and inversely proportional to the square root of the 
pressure. Jop et. al. [11] followed with extensive numerical simulations in certain 
geometries [1] and obtained a scalar stress - strain rate relation. They then 
extended this relation to a three-dimensional (3D) tensorial form, complemented it 
with the incompressibility assumption and checked the formalism against 
experiments in six different geometries. Although the general form of their 
proposed stress tensor was the same as in the previous works, its dependence on 
I  made the formalism richer than the one obtained in [10]. Later, Kamrin and 
Koval [12]. and Bouzid et. al. [13] introduced non-local terms into the stress tensor 
both to correct for certain experimentally known geometric effects and to account 
for results obtained in numerical simulations.  
 
  Those developments led to the question of ill-posedness of the flow 
equations of fluids supporting such stress tensors, in particular under high wave 
vector disturbances. It was found that incompressible such models are 
mathematically ill-posed [8,14], when the effective friction coefficient is constant 
[8.9], but that they can be regularised under some conditions when µ  depends 
on I  [14,15]. It was also shown that such ( )Iµ  rheology can be fully 
regularised by introducing compressibility in a particular way [15-17]. 
	 
Here we derive the stress - strain rate relation from first-principles by 
coarse-graining from the grain-scale. We also argue that the solid-friction 
dissipation dominates the low rate flow and identify the crossover to 
viscosity-dominated flow as a condition on the strain rate gradient. While we do 
not address the ill-posedness of the full flow equations, we discuss this issue in 
the concluding section and propose that its origin is physical, rather than in the 
mere form of the closure relation. Specifically, we suggest that it reflects an 
inherent instability of the flow to formation of plugs, and that the full rheology of 
dense granular fluids must include both plug and plug-free regions [6,7].  
 
To derive a large-scale first-principles relation between the local stress and 
strain rate, we need to coarse-grain the intergranular interactions into an 
interaction between adjacent volume elements of the fluid. Before getting down to 
this task, it is important to comment that any derivation of such a relation can be 
valid only in plug-free regions of the flow. This is because flows in systems, in 
which dissipation is dominated by solid friction, are unstable towards formation 
and growth of plug regions [6]. Thus, even a highly accurate form of the stress 
tensor for plug-free regions is ultimately incomplete for a full description of the 
rheology, which should include the equation of motion and growth of the solid-like 
plug regions [7].  
 
Our approach is based on separating the contributions to the stress tensor 
from the normal contact forces between volume elements, , and from friction 
forces, ( )fσ  , and deriving an expression relating ( )fσ  to  and the strain 
rate tensor .  
 
Consider a dense system of roughly spherical rigid convex grains, of typical 
size 𝑑, interacting via normal and frictional contact forces. We focus first on the 





	 be the normal contact force that grain  applies to grain , and  be the 
vector extending from the centre of grain  to its contact point with grain . The 
friction force that  applies to  depends on the relative velocities of grains  
and  at the contact point, 
k k i j k i j k
1 1Δ = Λ + (ω +ω )×R + (ω -ω )×ρ
2 2
, (1) 
where  k i j= -Λ v v   is the grains' relative centre of mass velocity,  and 
 are the angular velocities of the two grains around their respective centres of 
mass,  is the vector from the centre of mass of	  to that of  
and . Note that  when , which is the case for 
identical spherical grains. 
 
When the grains rub against one another, the friction force, applied by grain  
to grain j, is described by the da Vinci - Amontons - Coulomb law: 
, (2) 
where is the dynamic friction coefficient between the members of the pair, and 
 is a unit vector. For simplicity, we assume the same 𝜇$ between 
all rubbing particles. When 0k =Δ , we only know that the inter-granular friction 
force satisfies and , where  is the static 
friction coefficient. We shall see below that µs does not play any role in the 
plug-free stress tensor. 
 
Our aim is to obtain, by coarse-graining, the effective interaction between two 
adjacent volume elements of the fluid. The volume elements are regarded as 






k ij ji= -R r r i j
k ij ji= +ρ r r 0k =ρ ij ji=r r
i
ˆ
k d k kµ=F N u
dµ
ˆ /k k k=u Δ Δ
0k k× =F N k s kµ£F N ( )s dµ µ³
	sufficiently large to contain many grains, but to be much smaller than the system 
size. Consider two such volume elements,  and  separated by an 
imaginary plane. The plane may cut individual grains, which are then deemed to 
belong to either  or , depending on the locations of their centres of mass 
(see figure 1). 
 
 
Figure  1:  The boundary grains (lighter shades) to the left of the `imaginary' 
plane between volume elements 𝐴 and 𝐵 are in contact with, and apply forces 
to, grains to its right.  
 
The first step is to obtain an expression for the net force per unit area applied 
by grains in  to grains in  around a point  on the boundary plane. We 
consider separately the contributions to this force from the non-dissipative normal 
contact forces and from the dissipative frictional (tangential) forces, between pairs 
across the boundary plane. By normal and tangential we refer here to directions 
with respect to the individual inter-granular tangent contact planes. The average 






	p pºν(x) = (x) N (x)N(x), (3) 
where is the spatial average of the normal forces applied by the  
members of the grain pairs to their  members and  is the number 
density of pairs per unit area at . This average is over a circular area, around 
the point , which is large enough to contain a statistically significant large 
number of such pairs, but can be considered macroscopically small. Similarly, the 
average solid friction force per unit area, which volume element  applies to 
, is , where is the average friction force the   
members of the pairs applies to the  members in the vicinity of .  
 
To obtain the two contributions to the total stress tensor,  and 
, while ensuring their proper tensorial nature, we must introduce two more 
planes, orthogonal to the original plane and to one another. Denoting this triad of 
planes by =1, 2, 3 and the Cartesian components of  and , 
where each of the components is perpendicular to one of the planes by =1, 2, 
3, it is straightforward to see that 
 and ( ) ( ) ( )f ab ab=σ x φ x .  (4) 
 
Next, we consider one of the planes and evaluate  by taking the spatial 
average of . Noting that there is no correlation between the 
magnitude of the normal force and the direction of the velocity difference between 
the members of the pair across the plane, we have 
. (5) 
 
To calculate , we separate 
kΔ  into its average kΛ , and a fluctuation, 
N A




( ) ( ) ( )p=φ x x F x ( ) =F x F A
B x
( ) ( )nσ x
(f) ( )σ x
a aν (x) aφ (x)
b
( ) ( ) ( )nab ab=σ x ν x
( )F x
ˆ
d k kµ N u
ˆ ˆ( ) d dµ µ= =F x N u N u
uˆ
	kddΔ . The reason for including the typical grain size d , in the definition of the 
fluctuations will become clear below. The average of the difference of center of 
mass velocities Is  
ˆ ( )k k d= - ×ÑΛ e v x  . (6) 
The average of the second term on the right hand side of eq. (1) is  
1 ˆ ( )
2 i j k k
d= - ´(ω +ω )×R e ω x , (7)    
where ˆ /k k k=e R R  is a unit vector pointing from the center of mass of grain 
 to the center of mass of grain ,  is the coarse-grained velocity field and
( ) ( )=Ñ´ω x v x  is the local macroscopic angular velocity of the fluid. We 
make the (plausible) assumption that the third term on the right hand side of eq. 
(1) averages to zero. Combining (6) and (7), it is readily verified that, 
ˆ
k k d d= - × ºΔ e T Δ . (8) 
The right hand side of eq. (8) contains, in addition to the strain rate tensor, , 
the average of . The latter does not vanish, because   has always a 
component pointing from the center of the volume element   to that of . 
 
To evaluate , we use the identity , where  is an 
arbitrary vector, to write 
( )
( )ˆ kd+=ÑΔ x Δ x Δu  , (9) 
where kk ddd º ΔΔ . Next, we assume that the average kΔ  does not 
depend on the specific choice of the separating plane and that it can be 










[1{3 ] }kk ka
a =
º= åΔ ΔΔ  . (10)    
This form involves all the three orthogonal planes discussed above, where ka  
denotes a pair of grains traversing the plane a  and k  is a shorthand notation 
for the triad k1,k2,k3{ } . We emphasize that the average is taken now over all 
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and averaging, we obtain  
1 ( )
3






y dº Δ x Δ  . (12)  
Using relations (9), (11) and (12) for all the planes, , we have 
( )
ˆ ( )













Δ  . (13)  
Multiplying and dividing the right hand side of eq. (13) by  and using 
relation (8) we obtain, 
( ) ( )
( ) ( )















From (11)-(13), it is straightforward to obtain . 
1,2,3a =
N
1( ) [ ( ) ( )]
3
g f fy y y y¢= +
	Multiplying now both sides of (14) by , yields the required 
expression for the solid friction contribution to the stress tensor (see eq. (4)), 
expressed in terms of the normal contact stress tensor and the strain rate tensor, 
 
, (15) 
where / ( )
k
f º N N x  is expected to depend only on the local density.  
 
To illustrate the usefulness of this derivation, we apply it to the simple case of 
an idealized incompressible granular flow, a case discussed previously in the 
literature [8,11]. In this case,  is constant throughout the system and we 
simplify the notation: . For clarity, we also assume that  and 
derive the total stress tensor to first order in . To obtain ( ) ( )fσ x  to this order, 
it is sufficient to consider the zeroth order of ( ) ( )nσ x  on the right-hand side of eq. 
(15), . But the latter is nothing but the stress tensor of an ordinary, 
incompressible fluid: 
( )
0 0( ) ( ) ( )
n p h= - +σ x x I T x  , (16)                                      
where  is the pressure of the ordinary fluid,  its viscosity and  the unit 
tensor.  
 
In the following, we apply the above analysis to flow under low shear rate. 
Significantly, eq. (15) shows that, in such flows, the solid friction contribution to the 
stress tensor is of zero order in the strain rate. Therefore, solid friction dominates 
over the viscous contribution, which is first order in the strain rate. To first order in 
µ , the total stress tensor, σ ( t ) (x) =σ (n ) (x)+σ ( f ) (x) , is then 	𝝈()) = − 𝑃. + 𝜇𝑃0 𝐈 + 𝜇𝑔 𝜓 𝑃. 𝐓𝐓 + 𝜂∇ ∙ 𝐓 . (17) 
( )dµ p x N(x)
( ) ( ) ( )f d g
ag gb
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	In this expression, the first order correction to the pressure, P
1
, is determined 
from the incompressibility condition, which results in the following equation: 
1 0[ ( ) ] 0LP g Py-Ñ + Ñ× =
T
T  
,  (18)  
where the subscript L  denotes the longitudinal part of a vector field. We do not 
dwell on eq. (18) because, although the pressure depends on the velocity field, 
the latter is not affected by the first order correction in µ 	 to	 the	 pressure, as 
evident from eq. (17). This is no different than in ordinary incompressible liquids, 
where the velocity field determines the pressure, up to a constant, but the 
pressure does not affect the velocity field at all.  
 
We included in eq. (18) the viscosity contribution to the stress for comparison 
purposes. This contribution is overwhelmed by the solid friction one at low strain 
rates, but it dominates at high strain rate and its gradients. The two are 
comparable when  ∇ ∙ 𝐓 ≈ 9: ; <=>  .         (19) 
As we show below, 𝑔 𝜓  can be an estimated at low strain rates and, therefore, 
relation (19) quantifies the crossover between the two regimes. The viscosity 
term, which is negligible at low strain rates, may regularise the otherwise ill-posed 
equations. To see how, note that the ill-posedness implies unbounded growth of 
high-momentum perturbations, which leads to growth of the strain rate, and it is 
exactly such high momenta that the viscosity term suppresses. 
 
Thus, in the low strain rate approximation, the last term on the right of eq. (17) 
may be neglected. Furthermore, it can be readily verified that, under the same 
approximations, the pressure 
0P , which appears in the frictional term, can be 
replaced by 0P , the average pressure in the system. 
	 
Next, we would like to express , defined in eq. (12), in terms of the 
measurable strain rate tensor. Inspecting relation (17), we expect that, to zero 
order in , ˆab abed=e , where 0 1e< <  is a dimensionless parameter that 
may depend (possibly weakly) on the density. It follows from relation (8) that 
/
k
y e d= T Δ . We assume that the internal fluctuations are only driven 
externally, e.g. by shear, and that  tends to a positive constant , as  
tends to zero. Then, at very low macroscopic shear, we can replace , which 
may depend generally on the local density and the strain rate, by a constant 
. This simplifies eq. (17) and reduces it to the form conjectured by 
Schaeffer [8].    
 
To extend the analysis beyond very low strain rates, we do the following. First, 
we need to obtain the form of  for small and large . Then, from the 
definitions of 
k
dΔ  and , we have that  for small 
 and  for large . Here  and  are positive 
dimensionless constants that depend on the specific distribution of  k
dΔ .     
These relations follow from the generic form of the probability density function of 
k
dΔ , < ?@A / ?@A?@A . Using then the relation between  and , given 
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 (20) 
While measuring  experimentally is not easy, it is expected to depend only on 
a dimensionless scalar, which can be constructed from the strain rate tensor. A 
natural choice is the inertial number [10,11], 
, (21) 
where  is the mass density of the grains. Using the inertial number has the 
advantage that it depends on the strain rate tensor, the pressure and readily 
measurable grain parameters. Thus, the form expected for  in eqs. (15) 
and (17) is 
, (22) 
with  and  a monotonically increasing function of  that 
approaches asymptotically , as follows from eq. (20). The pre-factor on the 
right-hand side of eq. (15), 
0( ) [ ( )]I c c Iµ µ= + , can be readily measured in 
setups, where the strain rate tensor is constant throughout the system, an 
example of which is reported in [11]. The value of ( )Iµ  then serves as input to 
determine the total stress tensor in eqs. (15) and (17). This is no different than 
measuring the viscosity in ordinary fluids and using it as input to determine the 
stress tensor. 
 
To conclude, we have derived, from first principles, the stress tensor of 
plug-free flow of dense granular fluids in the low strain rate regime, which is 










0( ) ( )g c c Iy = +
c(0) = 0 ( )c I I
1 3
	disciplines. In this regime, the viscosity contribution to the stress is linear in the 
strain rate and, therefore, negligible compared to that of solid friction, which is a 
homogeneous function of degree zero in the strain rate. A novel result is the 
explicit dependence of the stress tensor on the grain-scale interaction statistics 
through the parameter , relating persistent and random local behaviour. This 
makes the derived stress – strain rate relation an improvement on existing 
empirical and phenomenological proposals in the literature [8,11].  
 
We also quantified the crossover in the nature of the flow from solid friction- to 
viscosity-dominated, which translates to a condition on the magnitude of the norm 
of the strain rate gradient, expressed in terms of more basic parameters.  
 
We emphasise that our derivation is from first-principles and, as such, gives 
the correct stress - strain rate constitutive relation in the plug-free slow flow 
regime. However, it is essential to note that this regime is inherently unstable to 
formation and growth of plugs, as has been shown in [6,7]. This has two 
ramifications. One is that the problem of mathematical ill-posedness of equations 
of the form of (17) [8] may be resolved by combining the derivation here with the 
description of plug formation and dynamics [6,7]. This is anyway needed in order 
to construct a full theory of dense granular flow. The other ramification is that the 
strain rate vanishes inside plugs and, as these form and grow, the gradients of the 
strain rate at their boundaries increase. This means that there are three types of 
regions in such flows: plugs, wherein strain rate gradients vanish, plug-free 
regions, wherein solid friction dominates the rheology, and the boundary layers 
between the two, wherein the dissipation is viscosity-dominated. All these must 
also be taken into consideration in the full theory. 
 
Further development of this model should include: (a) construction of 
numerical flow codes, incorporating this plug-free flow with plug formation and 
dynamics. (b) Improvements to the model by relaxing some of the approximations 
y
	made here. One example is to consider higher friction coefficient. Another 
example is to extend the model to higher strain rates, when solid friction and 
viscous damping become comparable. Another possible extension is to determine 
the explicit dependence of  on the inertial nummber, . A furtther useful 
improvement to the model would be the relaxation of the assumption of the 
incompressibility. This assumption, used frequently in regular fluids, simplifies the 
analysis, but including effects of dilation and density-dependent friction coefficient 
are relevant to dense granular fluids. Such an extension could be related to our 
parameter . All these are outside the scope of this paper. (c) Theoretical 
studies of flows, in various geometries and under a range of boundary conditions, 
that could be tested against real and numerical experiments. In particular, to 
determine the range fo validity of our results, it would also be useful to test 
numerically and experimentally where the transition occurs between the solid 
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